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I. INTRODUC TION 

by C .  R.  G a t e s  

, 
In t h i s  r e p o r t ,  v a r i o u s  a u t h o r s  p r e s e n t  i n t e r i m  r e s u l t s  of a con t inu ing  

s t u d y  be ing  c a r r i e d  out  a t  JPL o n  the. b e h a v i o r  and  t r a c k i n g  of a r t i f i c i a l  lunar  

s a t e l l i t e s .  T h e  report w a s  prepared  p r i m a r i l y  for the September 1962 m e e t i n g  

of t h e  Selenodesy Working Group of the P l a n e t o l o g y  S u b c o m m i t t e e  of the NASA 

S p a c e  S c i e n c e s  S t e e r i n g  C o m m i t t e e .  Sinc*e i t  h a s  b e e n  e x t r a c t e d  from s t u d i e s  

which a r e  in  p r o c e s s .  t he  r e p o r t  is of a p r e l i m i n a r y  n a t u r e .  Many of the  t e c h -  

nic.31 art’as d i s c u s s e d ,  ~ s p t : ~ . ~ a l l y  i n  o r b i t  tlc.tt:rmination, a r e  evo lv ing ,  a n d  new 

or modi f ied  i d e a s  s h o u l d  be expected.  

In Scvt ion I1 t h e  b e h a v i o r a l  p r o b l e m  is d i s c u s s e d .  Both a n a l y t i c a l  a n d  

c - o m p u t r r  t r e a t m e n t s  a re  given,  and r e s u l t s  ( . o m p a r e d .  Only s t~cond  -or .c l tAr.  

harrnoriir .s  in t h e  l u n a r  potr.ntial a r e  invc.stigated. 

In Sec t ion  111 t h e  t h e o r e t i c a l  a spec . t s  of o r b i t  d e t e r m i n a t i o n  for l u n a r  

satell i t lbs a r c  cliscsussed. including thct pt.ob1t.m of ob ta in ing  v a l u e s  f o r .  l u n a r  

c on s t a n t s . 

In Sec t ion  IV t h e  a r . c u r a c y  of m e a s u r e m e n t s  u s i n g  r a d i o  t e c h n i q u e s  is 

d i s c u s s e d ,  

F i n n l l y ,  St’ction V g i v r s  r ( : su l t s  o n  a s tudy  of‘ o r b i t  de t t . rmina t ion .  u s ing  

a m u c h  sitnp1ifit.d ino(lt.1 u .h i ( . h  should y i e l d  usc.ful r e s u l t s .  Accurac . i e s  for both 

c . l ements  a n d  positi(on ; ~ . t ’ e  pt.r.spnt.rJd for v a r i o u s  o r b i t s  a n d  d a t a  -tnkiiig I)attc.rns. 

T h e  essential c.onc:lusions 0:’ t h e  s t u d y  a t  t h i s  s t a g e  a r e  :js f o l  1on.s: 
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Beyond 5 lunar radii ,  Ear th  effects a r e  dominant, the J and L effects being 

completely negligible for most considerations. 

In the case  of c lose satellites, there  a r e  two phenomena of interest ,  the 

The formulas  of Tables 11-2 and 11-3 te l l  

Both the node and the line of apses  

There  is 

precession ra tes  and the stability. 

the s tory  in  regard to  precession rates. 

p recess  at  r a t e s  depending strongly on the inclination of the orbit. 

a weaker dependence on eccentricity, and, in the case  of L, the r a t e s  a r e  

periodic functions of the node (measured with respect  to  Moon - fixed axes). 

Long-term behavior can be determined by numerical  integration of 

these equations. 

wi l l  show the steady precession due to J on which is superposed the oscil-  

lations due  to  L. Polar  orbi ts  and orbits near  the cr i t ical  inclination w i l l  

behave somewhat differently. 

In regard  to  stability, the behavior i s  more  complex. 

Since J exceeds L by a factor of 5, the resu l t s  in general  

VJe r e fe r  here  

If we to the possibility of the satell i te plunging into the surface of the Moon. 

write 

q = a ( l  - e )  

then q represents  the distance of closest approach to  the center  of the Moon. 

The average ra te  of change of q is 

- 5 -  
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since is ze ro  fo r  a l l  the perturbations of importance. Furthermore,  neither 

J nor L affects e directly. Thus, stability depends only on the effects of Earth 

and Sun, and on the interaction of these with the forces  due to  J and L. 

Using the expressions for 6 in Table 11-4, w e  get 

15n3a 2 + - -  e J 1  - e2 sin a sin2 I 
8n 

which for  a close satell i te is approximately 

N - 4e s i n  2 0  s i n 2  I km/day 

We can draw seve ra l  inferences from these equations, but w i l l  not go into a l l  

of them here. Suffice it to  r e m a r k  that for a close orbit with eccentricity of 

0.1, the maximum ra t e  of descent to the Moon is 0 .4  km/day. 

almost c i rcu lar ,  almost equatorial orbits a r e  most stable. 

Also ,  the 

B. Numerical Study 

The purpose of this  study was to  check the feasibility of using the JPL 

n-body program f o r  lunar satell i te investigations and to  initiate such investi- 

gations. 

Time and cost limitations rest r ic t  the number and var ie ty  of orbi ts  

Fo r  example, it takes  on the order  of one minute of that can be evaluated. 

machine t ime per satell i te day to compute a close orbit. 

limited to  four orbits. 

Thus,  the study w a s  

Two types of computations were made: (1) fine print- 

- 6 -  
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out fo r  a fraction of a day to study short-period behavior and (2)  coarse  print-  

out for up t o  60 days to  study long-period and secular  trends.  

In general ,  the computations agree with the analytic approximations 

that can be made. 

require  much longer a r c s  fo r  proper evaluation- -especially in regard to  

stability studies in which the lifetime of the satell i te before it plunges into 

the lunar surface is in question. 

a computer program to integrate the equations for  the r a t e s  of the osculating 

elements. In addition, a restricted- three-body computer program i s  now 

available and is being used to  compute very  long a rc s .  

1. The Computation 

However, long-period effects due to  the Earth's influence 

T o  make such studies there  i s  in preparation 

The basic computation program is the precision orbit and t ra jectory 

For the program for  the IBM 7090 used for JPL precision t ra jectory work. 

present purposes,  the integration was performed in Moon-centered ecliptic 

coordinates, using an Encke integration scheme with a basic 120-sec interval. 

To gain a feeling for the accuracy and t ime required for  these compu- 

tations a 2-day a r c  of a 160-min orbit  was computed ten t imes.  

of the resu l t s  is shown in Table 11-6. 

A summary 

Though Table 11-6 can be used only a s  a rough indicator,  it does 

suggest cer ta in  facts. F i r s t ,  it appears that for the same interval s ize  Encke 

is slightly bet ter  than Cowell, and that perhaps a reasonable accuracy for 

long a r c s  will be obtained using 120-see Encke or 6 O - s t v  Cowell. 

able running t imes  a r e  3:2 in f a v o r  of Encke. 

The cotnpar- 

- 7 -  
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A s  presently set up, the computation accounts for the following per turb-  

ing factors: 

Ea r th ' s  gravity f i e l d ,  including J D t e r m s  
@ ' % J  @ 

Sun's gravity field 

Moon's oblateness, Jc 

Moon's longitudinal bulge, Lq 

Venus, Mars ,  and Jupiter gravity fields 

Certain omissions can be noted, such a s  radiation p res su re ,  a tmos-  

pheric drag ,  and relativist ic effects--none of which i s  pertinent to the present 

problem. In fact ,  the only significant perturbations for the lunar satell i te 

under consideration herein a re  Earth,  Ja , and L a .  The Sun's effect is 

measurable ,  but two o rde r s  of magnitude smal le r  than the other effects. 

Since the computations were niade with the existing t ra jectory program, 

it w a s  necessary to  make some compromise in the computation from that 

which would have been optimum. 

be exhibited in t e r m s  of the effects on the orbital elements re fer red  to the 

For example, the Ja and L, effects should 

Sun, Moon, and Earth,  Thus,  thc o r b i t s  of thesv bodies a r c  reprc:scntcd in 

plane of the M o o n ' s  equator,  thus allowing direct  comparison with the theortbt- 

ical  expressions.  However, the only coordinate sys tems available in the 

computation program a r e  the Earth 's  equatorial and the ecliptic systems. 

Since the Moon's equator makes a n  angle of about 1 - 1 / 2  deg with tht. ecliptic 

the l a t t e r  was chosen. 

The comlmtations make use of ephemc.ris information for [msition of 

complete detail,  corresponding to calendar date. Conceivably, the lunar 

- 8 -  
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satell i te orbit may be affected by such factors a s  the eccentricity of the Moon's 

orbit about the Earth o r  of the Earth 's  orbit about the Sun. 

a r e  in the computations. 

of the date of orbiting and that some of the t rends  shown in the plots may be 

due t o  such things a s  the eccentricity of the Moon's orbit. 

made to  isolate such phenomena. 

If it is, the effects 

This  means that the satell i te behavior is a function 

N o  attempt w a s  

The pr imary subjects of study were the three  effects, Earth,  J, , and 

L, . These effects were evaluated separately by suppressing them, two at  a 

t ime,  and computing with one of the three a s  the only perturbing force on the 

satell i te orbit. The Sun's effect was also suppressed for  these cases .  

In any numerical study such a s  th i s ,  only a sampling of the possible 

types of computations can be performed. It i s  necessary,  then, to note the 

specialization that has been made, the omissions, and the biases. It would be 

desirable  a lso to analyze the effect on the resu l t s  of these shortcomings in  the 

computations. 

only the specializations and omissions will be noted. 

2. 

However, the results presented here  w i l l  not be so analyzed; 

Precess ion  Rates of Close Lunar Satellites 

A s  part  of the over-all  program of investigating the motion of lunar 

satel l i tes ,  the present studies represent a numerical  evaluation of the preces  - 

sion r a t e s  together with a f i r s t  look a t  the stability problem for  close-in 

satell i tes.  Results a r e  presented for  f o u r  orbi ts  ( s ee  Fig. 11-11: 

a. L o w  eccentricity. inclined (Fig. 11-2 to 11-12; elements on 

Fig. 11-21. 

- 9 -  
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b. Highly eccentric, equatorial, d i rect  (Fig. 11-13 t o  11-18; 

elements on Fig. 11-13). 

c. Highly eccentric, equatorial, re t rograde (Fig. 11-13 to 11-18; 

elements on Fig. 11-13). 

d. Moderately eccentric, c r i t i ca l  inclination (Fig. II-19 t o  11-30; 

elements on Fig. 11-19). 

These are a representative group of orbi ts  and should exhibit typical 

features of lunar satell i te motion. Effects of the position and motion of the 

Moon with respect  t o  Earth and Sun have not been varied,  all orbi ts  having 

been computed for  initial epoch January 4, 1960. However, it is felt that the  

Sun's influence is secondary, since the perturbing force due t o  the Sun is two 

o r d e r s  of magnitude sma l l e r  than that due to  the Earth. 

effect of the Ear th  is studied over a f u l l  period of the Earth-Moon motion, so 

that the fu l l  effect on nonuriiformities is included in the computation. The 

Moon's gravity field is accounted f o r  by assuming a tr iaxial  spheroid with 

three  unequal moments of inertia. 

potential in the form 

On the other hand, t h e  

This  is equivalent to expressing the gravity 

i n  which  r is the  distance to the Moon 's  center  of m a s s  expressed in lunar 

radi i ,  p is the  gravity constant p is the latitude, 0 is the londitude with r e -  

spect  t o  the Moon-Earth axis ,  and J ,  I, a r e  dimensionless coefficients. The 

cur ren t  best  es t imates  for J and L a r e  
- I O  - 
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Results of the computations a r e  presented graphically as  plots of the 

orbital elements a ,  e ,  i ,  $2, and w. Two formats  a r e  used, a shor t - te rm 

graph showing the short-period motion of the osculating elements over a 

period of about th ree  orbi ts ,  and a long-term graph showing averaged motion 

over one o r  two months. 

For the case  of Orbit (a), Table 11-7 has  been assembled, showing thc 

The magnitudc>s of the precession ra tes  as obtained from reading the graphs. 

comparison with Table 11-8 is colored by the fact that the inclination is r e -  

fe r red  to the ecliptic ra ther  than the lunar equator- -a difference of 1 - 1 / 2  dc>g, 

which i s  just  enough to  displace the J and  L components of the r a t e s  by tile 

amounts shown. The E component shown in Table 11-8 d o c s  not iricliidc the 

c ont 1-ibut i on of long-pcbriod t e rill s. 

3. Short - Period Effects 

Based on  the four orbits exhibited in the graphs,  it appears  that t h e  

following c.onclusions can be drawn: 

a. Ja (oblateness), La (longitudinal biilgt.), and E (Ea r th )  a1-t. 

the im p u r  ta nt fact c) r s pert  ii r b  i ng the orb i t  a 1 c' 1 t i  t i 1  v 11 t s . 
'I'hc Sun's tb1f'r:c-t m a y  bt. discoiint(sti as Ix:itig o f  higli(.i* 

o rde r  that1 (.ither o f  J ,  L, or 1.1. 

I,. 

- 11  - 
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c. Contributions to the average r a t e s  of the osculating e le -  

ments due to  J and L a r e  closely approximated by the 

standard formulas. 

The dominant short-period frequencies a r e  n, the orbital  

frequency, and 2n, at  least  a s  regards  J and L. F o r  E, 

the motion, is  more complicated. 

d. 

a. The important perturbing factors a r e  J, L, and E. Figures  LI-3, 

11-5, 11-7, II-9, and 11-11 show the separate  contributions of J, L, and E t o  

the variations of a, e,  i, zt, and w ,  respectively, for  Orbit (a). This  being 

a c lose orbit ,  the J and L t e r m s  dominate. Notwithstanding, the effect of E 

is s t i l l  appreciable and, in fact, its importance for  exceeds that of L. In 

general ,  since J has magnitude about 5 t imes  that of L, the effects on the 

orbit should be in the approximate rat io  5 to  1. 

period t e r m s  this  ra t io  appears  to be only about 2 t o  1, i. e . ,  the L effects 

a r e  relatively more  important. 

short-period t e r m s  in a form for quick comparison. 

However, for  the short-  

Table 11-9 summar izes  the amplitudes of the 

b. Results of the computations showing the effect of the Sun a r e  not 

shown on the graphs (except for Fig. 11-7 and 9)  because the effects a r e  nil. To 

emphasize this point, Table 11-9 has been assembled showing the comparison 

between Earth and Sun effects over a n  8-hour ( 2 - 2 1 3  orbit)  interval. Rates 

of the osculating elements a r e  identifiable only in the eighth significant digit 

of the printout--a figure which most probably i s  buried in the noise of the 

computation. The dispersion, shown in the las t  column of Table 11-9, r e p r e -  

sen ts  the difference between maximum and minimum values over the eight 
- 1 2  - 



hours. Camparing with the amplitude of the short-ptli-iod osc,illat ions clue to  
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the Ear th ,  it is apparent that the  c f f r  r t  of the Sui1 1s too smal l  to  signilicsantl> 

affect t h t c om pi t a t 1 (ins. 

c.  The standard formulas gi\ ing the averaged ratc’s (no  short-period 

reference a re  d i f f e ren t  f o r  thv two valuations. 

Table 11-7, the plane o f  the cacliptic, is the> re f (>rc ln t  e’ plant.. Thus. the e)t*bital 

For the i i u m ( ~ r i ~  a1 \v o v k .  
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~ ~ c ~ s u l t i n g  data W I ' I ' C '  ~ ~ n o ! ~ t t i t ~ c l  gr.aphi~.ally to give t11c. ( .ul-v(:s ~ I ~ ~ ~ S ~ ~ I I ~ I ~ C I  I l r . J ' c . 1 1 1 .  

[ ~ l ~ f ~ > r - t u t l a t ( ~ ! j  , 

LV h r ~ n  t t i t .  loi!g -pvI-iocl o r  se(.ular variatioris a r - ~  riot largtx ~ ~ o m ~ ) ; i 1 ~ t ~ ~ l  to st lo1-t  - 

periocl .;ar.intions ( see  Fig. 11-2 arid 11-:3), tht. long-period C'urvt ' s  arc. ~ n i s l ( ~ n t i i ~ l g  

t ! ! r ~ , c ,  LV;IS I I O  shor.t-l)tsr.iod aver.agiIig i ) r i o i .  t o  s:~i1il)liilg; /lc.l1c.c. 

a. Stability. Over a long Iwriod. the orbit of a lunar satellite subjtrclt 

to  the perturbations under discussion may become distorted so  muc,h a s  to  

cause  the satellite t o  hit the l u n a r  surface. 

measured by the radius of closcst  approach, ItCA - a( 1-e). C;ral)hs of RCA 

for the four orbits und(~r consideration art. shown i n  Fig. 11-4, 11-17, 11-18, 

11-21, and 11-22. 

This  type of orbit instability is 

It is to  be noted that in 110 cast. i s  the secular  drift apprec.iable. Th(\ 

largest  excursion in  KCA occ:urs in  the ~inlf-niorith-I)('ri"(i t e r m s  for the 

highly t.ccentric orbits (Orbits b and (s). 

amplitude of some 70 km, over which is superimpost'd ;1 s h o ~ * t  -pt*riod osc.illa - 

tion of 3-km am~)li tude.  The drift of thth p a k s  on tht. ~ ' ~ i r ' v t ' s  is of t h c b  oi.fl(.r o f  

Ci km in a month, which i s  gcbtting down into the noise lt.vctl ~)ro(luct.tl l)y thc: 

short-l)c-iriod oscillations. The trend in orbits a ,  c * ,  :rnd d i s  nc:gativc!; i. ('. , 

KCA dt'c:rc~asc~s, while in Orhit (b)  i t  i s  Ijositive. 

b'or tlicise, the osc.illation has ; i t 1  

Sincct EtCA a( 1 - f . 1 ,  it  i s  cvidctnt that the variations i l l  a anti c b  t1cttt.r- 

mine thost: i n  IECA, and, furthcbr, sir1c.e a vai-ic.s only v t ' r y  slight1.y ( s t * c ~  P'ig. 

11-2,  11- 14,  and 11-20) ,  thfa pr i ina1.y variation i n  RCA is clue t o  ( . ,  a r i c l  ( ' : i t 1  l ) i *  

t'xpr-c.. s 5 t 4  

- 1 4  - 
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T h e  analJtic formulas  for a \  t ’ ragc  \ ~ r : ~ l t i u n  i t i  t h  show that nti,tht.r I ,  nor 

J c‘ ont r ibu t e s . 
It remains ,  then, t o  c onsider the. clffect o f  the E a r t h  ailid Sun. Tlii 

computations shon that the S u n ’ s  effect tan be entirely neglected. 

the E a r t h ’ s  effects ;ire concerned, thc rc  r t i m a i n s  t i i t .  possil)ility of long-1 ( 1.111 PI .  

secular  effects. 

orbits 

As far a s  

L s i n g  the approximstioti for  k:arth-induc d c lialigc. i n  ( l obeb  

3 

0 t . b l  t i 
d “g 

0.  -If; 

0. 1 1 

- 0 .  44 

-0. I\-) 
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averaged value for  w contains the factor ( 4 - 5  s i n 2  i) in the J term. 

c. Restricted 3-body computation, Figures 11-31 to 11-33 exhibit the behav- 

ior  of a lunar satellite whose orbit is a t  the cr i t ical  inclination a s  computed 

using the restr ic ted 3 -bo dy computer program. 

to about 2 months, for an orbit wi th  period 2. 14 hours. 

compatible wi th  those obtained from the precision orbit computation. 

The t ime interval corresponds 

Results appear to be 

- 1 6  - 
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a 

C 

e 

I 

J 

L 

n 

"3 

P 

q 

c1 

x 
w 

R 

R '  

Table I1 - 1. NOMENCLATURE 

semi major a x i s  

velocity of light 

eccentricity 

inclination 

coefficient of second-order zonal t e rm 

coefficient of second-order tessera l  t e r m s  

mean angular ra te  

mean angular ra te  of Moon in  i t s  orbit 

= a ( 1  - e') = semilatus rectum 

= a (1 - e)  = distance to pericenter 

gravity constant 

= - n7 when  7 is the time of pericenter passage 

angle between line of nodes and line of apses  

angle between inertial reference axis and line of nodes 

angle between axis fixed i n  Moon and line of nodes 

- 17 - 
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Table 11-2. Secular rates due to  J - te rm in  gravity field 

Q = - -  nJ cos  I 
P2 

G = 2 nJ ( 2  - 5 5 2  sin I) 
P 

Table 11-3. Long-period rates  due to L- t e rm in gravity field 

- n L  
I = -  s in  252' sin I 

P2 

n L  
R - cos 2 R '  cos I 

P2 

5 nL - - cos 2 ~ 1  (1  - - s in2  I )  & 
P2 2 

- 18 - 
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Table 11-4. Long-term rates  due to third-body gravity field 

2 

e C - 2  s in  2 w  s in2 I 
, 15"3 e = - -  8 n  

2 2 
15 "3 I =  - - -  
16 n 

e s in  2w s in  21 
J i - 2  

. ' - s in  2 I[(1 - e )  2 c o s 2 w - 2  ( 3 + 2 e )  2 s in  

- Note: These r a t e s  have been obtained by averaging both with respect  to the 
satellite period and the perturbing body period. 

Table 11-5. Rates due to relativistic effects 

- 19 - 
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m e t h o d  

Cowel l  

T a b l e  11-6. C o m p a r i s o n  of a c c u r a c y  a n d  runn ing  
t i m e  for l u n a r  s a t e l l i t e  orbit c o m p u t a t i o n s a  

Step s i z e  
At, sec 

. .- 

3 0 

60 

120 

2 3 0  

480 

6 0  

1 2 0  

2-10 

480 

9 6 0 

( P e r i o d  160 m i n u t e s )  

A f t e r  2 d a y s  (18 orbits) 

Closest 
a p p r o a c h  

a( 1 -e) 

2001.3762 

200 1. 3763 

200 1. 3746 

2001.2S15 

2260. 4022 

2 0 0 1 . .‘3 7 (i :3  

200 1. 3757 

2 0 0  1 , 37:j 1 

- -  

- -  

th t he  c o o p t ’ ~ ’ ~  tion of I). 

bBlew after 12 h o u r s ,  o r b i t  t i m e .  

C ~ l e w  af te r  o I iours ,  o t . t> i t  t ime. 

FrI r t he s t 
d i s t a n c e  

a( l t e )  

2497.8574 

2497.8580 

2497.8617 

2498. 1638 

3169.2815 

2497.8573 

2497. 8583 

2497.8627 

- -  

- -  

. -  .- 

Mean 
a n o m a l y  

M 

32.069682 

32 .069387 

32.067497 

3 1.820755 

-77. 7863689 

32.06895 1 

:32.068S96 

3 2 .  Ofi(i92 1 

- -  

- -  

-- 

Machine 
running  

t i m e ,  sec 

300 

160 

90  

60 

:3 0 

2 0 0  

110 

ti 0 

- - tl  

c: - _  

- 2 0  - 
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I 

Table 11-7. Numerical precession rates (per day) for Orbit  (a), 
January 6, 1960 

short  per  
amplitude 

(462 7) shor t  pe r  
r a t e  amplitude 

M.000127 -0.00075 

M. 000065 -0.05850 

39.000026 -0.02445 

-0.08370 

M.00125 

fo. 00075 

kO.00040 

a(km) 

(2250) 
rate 

short  per  
amplitude 

(0.110) 
rate 

J 

L 

E 

SUM 

SUMa 

0 

0 

0 

0 

4.040 

f0.271 

M. 158 

M. 058 

0 

0 

-0.000 17 1 

4.000 17 1 

-0.000 194 

1 
I 
P 
I 

R w 

short per  
amplitude 

( 18 1: 0) 
r a t e  

short  per  
a inplitud e 

- ...' 

io. 0040 

fo. 00 10 

io. 0005 

+o. 453 

+O. 032 

+O. 158 

+O. 643 

+o. 46 

M. 004 

M. 023 

M.019 E 

S U M  

SUMa 

-0.0 120 

-0.3759 

-0.44 

a 
Obtained from coarsc printout with a l l  perturbations simultaneously. 

- 2 1  - 
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Table 11-8. Analytic precession rates (per day) for Orbit (a), January 6, 1960 

J 

L 

E 

SU M 

e I 

0 

-0.0459 

0 

-0.0459 

!2 

-0.4223 

+O. 0614 

-0. 0226 

-0.3835 

w 

+O. 41 7 

+o. 029 

+o. 022 

+O. 468 

Table 11-9. Comparison of Earth and Sun effects over 8 - h o u r  interval, Orbit (a)  

Value 

2249.85 

0. 11086 

46: 73 1 

351: 525 

181:@51 

Rates 

0 

-0. 000171 

-0. 02445 

-0,0120 

+O. 158 

0 

0 

0 

0 

-0. 00033 

+0,00075 

Short - period 
amplitude 

@ 

580 10-4 

2600 x 

400 x 

Dispersion 
0 

- L 3 2  - 
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s q u a r e s  f i t  t o  t h e  da t a .  

t h e  a c c u r a c y  of t h e  o r b i t  de te rmina t ion  c'an r e s u l t .  

Without t h i s  inf luence an  o v e r l y  optimistic.  e s t i i i l a t e  o t  

Besides p rov id ing  a n  ac 'curate  e p h e m e r i s  of the  sa t e l l i t t .  :or t iavignt iui ini  

a n d  c h a r t i n g  p u r p o s e s ,  the o r b i t  d e t e r m i n a t i o n  c a n  p rov ide  u s e f u l  i i i formntion 

about  thc. p h y s i c a l  c h a r a c t e r  of the Moon. 

of lorig-tern1 e f f e c t s  in tht. o rb i t  and tht .  s r ~ l r ~ t ~ t i o n  of hnr'iiioiiic c ot.11 i ( * i t A r i t s  i i i  

t he  potent ia l  function tha t  w i l l  ciesc.ribe t h e  pt~r-iotlit  Iiiotioiis c): t t icl  o r b i t a l  ( , I ( . -  

SUI. ti a s tudy  rc .qui t . t~s  thc. t~va!u:itiot, 
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uncorrelated between mean element time points and if all significant physical 

constants a r e  adjusted along with the orbital elements. 

ing the mean orbital elements and their covariance matrix is described a s  

follows : 

The method of comput- 

The  vector of orbit  parameters e can be expressed either a s  a function 

of t ime t and the initial value e of the parameters  at the epoch to or equivalently 

a s  a function of the mean anomaly M. 

The estimate e; of the vector eo is .obtained by the usual weighted least squares  

fit to data taken i n  the orbital pass associated with to. It is the above s h o r t -  

t e rm program that i s  used for this purpose. Usually, a s e t  of parameters  other 

than e i s  used in th i s  program, and the appropriate transformations must be 

available to go f rom one set to another. 

by q--for example. Cartesian coordinates at time t--we also assume that incre-  

ments in q and e can be related by the  linear relation 

That i s ,  e = e (t ,  eo) or e = e ' (M,  e$. 

Designating the other se t  of parameters  

6y = Abe 

In addition, we assume that the inverse transformation exists.  

In order  to study long-term effects in  e ,  the mean elements V are  r e q u i r e d  for 

the orbit in question. By definition 

- 59 - 
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In practice, the above integral will be evaluated numerically. 

estimate s* of Sis obtained by using the estimate of eo in (3)  

Clearly,  the 

The covariance matrix on this estimate (4) is obtained simply by subtracting 

(4) f rom (3 )  to obtain the e r r o r  vector 6 6 .  

I 2 n  

6P = e* - e = Ll 2 f  [e(M,e:) - e ( M , e o )  dM 

The e r r o r  on the est imate  of eo  is 

and 6G and deo a r e  linearly related by 

b e 0  dM 
27T 

(5 )  

The matr ix  de/de0 can be written as  the product of three matrices; the matrix 

A-1  of (2 )  evaluated at  t. the matrix U that maps the parameters  q from to to 

t (6q  = vag,), and the matrix A. of (1) evaluated a t  to. 

- 60 - 
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The matrix U is an output of the numerical integration trajectory program i f  q 

represents  Cartesian components of position and velocity. Because A0 and 6e0 

a r e  constant over the interval 0 I M 5 2 x ,  Eq. (7) can be written 

or 

w h e r e  t h e  averaged matrix in (10) is obtained numerically a s  with 6 .  

shor t - te rm orbit  determination program the covariance matrix ro is available 

for the estimate of the parameters  qo at  to. 

matr ix  A ,  for eo is from (2) 

F r o m  the 

The corresponding covariance 

f > 
A, = Exp jdegbeoT) = A. -1 ro(Ao -1 ) T 

Similarly. the covariance matrix for P is 

or by (11) 

Therefore ,  given either 

elements can be found. 

o r  I?o the covariance matrix for t h e  mean orbital 

- 61 - 
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JV. ACCURACY OF RADIO MEASUREMENTS 

by J. P. Fearey,  C .  R. Gates,  and T. W. Hamilton 

Orbit  determination of lunar satellites wi l l  be based primarily on radio 

measurements  made f rom the Deep Space Instrumentation Facility (DSIF). 

(Note that optical and/or radio measurements made from the satellite i tself ,  i f  

available, would a l so  be of great  value in orbit  determination. ) 

The DSIF consists of three  stations, located in South Africa, Australia, 

and California, USA. 

85 f t  in diameter. 

1965. ) The normal radio fr'equency of operation is about 2300 mc. 

Angular measurements  a r e  obtained by measuring the angular attitude of 

Each station contains one o r  more  s teerable  antennas 

(Antennas 210 ft in diameter are  expected to be available in 

the antenna. Some of the antennas have vertical  and horizontal axes,  yielding 

azimuth and elevation, while other of the antennas have equatorial mountings, 

yielding local hour angle and declination. 

ments of angles i s  a low-frequency error in calibration, having an rins value of 

about 0.02 deg, and having an autocorrelation extending over one-half of one 

pass. 

times. Highcr frequency e r r o r s ,  sur-h a s  s e rvo  j i t t e r ,  a r e  not a s  significant 

a s  the low -frequenc-y error  i n  the determination of orbits.  

The principal e r r o r  in the measure-  

It i s  hoped that this figure (0.02 deg) may in the future be reduced by 3 

Range  ra te  is determined by means of doppler shift ,  in which a con- 

tinuous radio signal i s  sent to the spat.ecraft in which  the signa! is aniplifierl 

and sent back to  Earth and the transmitted and received signals a r e  coniprrred. 

The principal e r r o r  in this system is the drift of the tr.ansmittt.r i n  the tiiiie 

- 6 2  - 
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required for the signal to make a round t r ip  f rom Earth to spacecraft .  A design 

goal of 0.06 me te r s / sec  r m s  has been established, and an accuracy of 0.02 

me te r s / sec  r m s  has been achieved in practice. 

in this accuracy a r e  achievable through the use  of ultrastable frequency refer- 

enc es. 

Improvements of severa l  t imes 

Range is determined by measuring the round-trip t ransi t  t ime for  a pulse 

chain, sent  f rom Ear th  to spacecraft  and back to Earth.  

measurements  depends on the system used. 

orbit  determination is apparently a bias o r  very-low-frequency e r r o r ,  having a 

correlation width of up to one day. 

me te r s  rms .  

The accuracy of range 

The e r r o r  which principally affects 

The magnitude of this e r r o r  may be 10 to 3 0  

A final e r r o r  source  which is often of grea te r  effect than those l isted 

above i s  the uncertainties in the locations of the tracking stations. The current  

uncertainties appear to be on the order of 100-200 me te r s  in latitude and longi- 

tude and 50 meters  in altitude. Improvements a r e  expected to be realized 

through the  tracking of geodetic satellites. 

It should be noted that angular measurements  of the accuracy quoted 

above a r e  of little value in the orbit  determination of lunar satel l i tes  range and 

range r a t e  a r e  the important data. In general, range ra te  is always available 

whcn range is available; however, the obtaining of range data requires  substan- 

tially more equipment, espec.ially in the spa( ec.i*aft, than does the obtaining o f  

range ra te  only. Pr*elirriin:iry th ink ing  sl;ggcbsts that t h e  addition of range dat:i to 

range r a t e  data wi l l  improve hnowlcdgc o f  lhc. F:ar*th-Moon phrnomc~nn, bu t  will 

not improve knowlcdgc of t h e  o i - h i t  of n lunar sntellite rcintivo to the Rloon. 
- fi3 - 
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V. ORBIT DETERMINATION 

by J .  D. R e i c h e r t  

The p u r p o s e  of this section is to p r e s e n t  certain r e s u l t s  o b t a i n e d  from 

an i n t r o d u c t o r y  a p p r o a c h  to t h e  p r o b l e m  of orbit d e t e r m i n a t i o n  of a l u n a r  s a t e l -  

l i t e  from d o p p l e r  data alone. 

t h e  m o d e l  c h o s e n  e l i m i n a t e d  m a n y  f a c t o r s .  

c o n s i d e r e d  s u p e r f l u o u s  for a n  approach  t o  t h e  e s s e n c e  of t h e  q u e s t i o n  i n  f i r s t  

a p p r o x i m a t i o n .  

1) GM of Moon c e r t a i n ,  2) GM of Moon u n c e r t a i n .  

t iona l  c o n s t a n t  t i m e s  the  m a s s  of the Moon . )  

To a p p r o a c h  t h e  p r o b l e m  first in a s i m p l e  f o r m ,  

T h o s e  f a c t o r s  e l i m i n a t e d  were  

T h e  p r o b l e m  is c o n s i d e r e d  from two  d i f f e r e n t  v iewpoin ts :  

(GM is t h e  u n i v e r s a l  g r a v i t a -  

A .  T h e  Model  

I t  is p r e s u m e d  tha t  t he  E a r t h ,  Moon,  and  p r o b e  a re  e a c h  point  masses,  

T h e  sa t e l l i t t .  m o v e s  

T h e  a s s u m p t i o n  of a point m a s s  

wi th  t h e  Moon moving  in  a p e r f e c t  c i r c l e  about  t he  E a r t h .  

in a n  e l l i p t i c a l  o r b i t  about  t he  Moon a s  f o c u s .  

Moon e l i m i n a t e s  p e r t u r b a t i v e  e f fec ts  r e s u l t i n g  from t h e  s h a p e  of the  Moon. 

S i n c e  t h e s e  e f f e c t s  a r e  i g n o r e d ,  then i t  fo l lows  from L o r e l l  (Ref .  1) and  Lass 

a n d  Sol loway (Ref .  2) t h a t ,  for the  o r b i t s  c o n s i d e r e d  h e r e ,  it is qu i t e  p r o p e r  

a l s o  t o  i g n o r e  the  e f f e c t s  of t h e  E a r t h  a c t i n g  d i r e c t l y  on  t h e  Moon. It is only 

when t h e  major axis  of t h e  o r b i t  b e c o m e s  a s  l a r g e  a s  t w i c e  t h e  M o o n ' s  r a d i u s  

t h a t  t h e  two t y p e s  of e f f e c t s  b e c o m e  of c o m p a r a b l e  in f luence  o n  t h e  p r o b e .  The 

s a m e  r e f e r e n c e s  a l s o  show tha t  t he  e f f ec t s  of t h e  Sun a r e  neg l ig ib l e  for t h e s e  

o r b i t s .  T h u s ,  c o n s i s t e n t  wi th  the  p o i n t - m a s s  Moon a p p r o x i m a t i o n ,  t he  model 

1 gn or P s Ea r t h -Sun - p r o b e  i rite r a c t ions. I I e n c  e ,  w it  ho u t lo s s of f u r' the  r g en e ra  1 i ty 
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the Earth is cwlsidered fixed in space and the Keplerian orbital elements of the 

satellite wil l  be conetants of the motion (see Laas and Solloway, Ref. 2). The 

observer of the system is located at the center  of the Ear th  and attempts to 

determine these constants of the motion from doppler data alone. 

With a point-mass Moon, a t e r r e s t r i a l  observer  can receive data from 

the probe during the whole orbit and there i s  no occulting. It appears to make 

little difference whether one complete orbit  or two half-orbits a r e  observed, SO 

this detail is of small  importance. 

A more  complete study should allow for several  observers  on the s u r -  

face of a rotating Earth.  Such a study should likely indicate the possibility of 

more accurate determination of orbital elements, because of parallax effects. 

At the same time, one might wish to give the Moon a spherical  shape and add 

occulting t ime a s  a separate  data type to further improve the orbital estimate.  

I t  is very important to t h e  model to have the Moon move around the 

Earth so that the observer may see  t h e  orbit  f rom various orientations. 

wise the problem is essentially the binary s t a r  problem and, a s  Moulton (Ref.  

Other- 

3 )  shows, degeneracies resul t  which prohibit complete determination of the 

orbit. 

T h e  model chosen st i l l  possesses a certain degeneracy. Since the 

observer  is situated in the Earth-Moon plane he can never distinguish between 

the t r u e  orbit and its reflection through the Earth-Moon plane. The reason i s  

simple: he  would receive exactly the same  doppler signals f rom the two orbits. 

It i s  therefore  presumed that one can determine from a priori  information which 

of two possible orbi ts  has occurred. 
- 65 - 
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B. Mathematical Approach 

1. Covariance Matrices 

Denoting range rate ,  the time ra te  of change of distance between 

observer  and probe, by i, one obtains at any instant t . -  J’ 

w h e r e  the a i  a r e  the orbital parameters.  This equation relates  e r r o r s  in 

orbital parameters  to e r r o r s  in range rate .  

t imes,  t . ,  one may consider db)  

matr ices  d p  and dcy respectively. 

is the number of orbital  parameters  containing e r rors  and N i s  the number of 

Imagining d b  formed at various 

and doi to be elements of the column t = t .  J J 
-c - 

Then da is (n x 1)  and is (N x l ) ,  w h e r e  n 

observation times tj .  One may then rewrite (1) as  

db = Ada 

w h e r e  A is t h e  (N x n) matrix such that AJi = 
t = t ,  

J 
Then  multiply by the transpose of A to obtain 

AT = ATA ;1;L 

Now i f  ATA i s  non-singular (it will be non-singular in the present case ,  in sp i t e  

-s 

of the reflection degeneracy indicated above), then one may isolate dcu a s  

- 66 - 
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Then 

where list: was made of the fact that ( A T A ) - '  = [ (ATA) -11 T. 
L J 

Now performing an ensemble average i n  (5) one obtains 

since A i s  a fixed matrix i t  is unaffected by t h e  averaging process .  

definition of the covariance matrices of parameters  and data one finds: 

Now by 

-- Y -. 
A, du dcvT and A *  = dp d p T  P 

Combining (6)  and (7):  

T h i s  is the des i red  formula.  

sepal-atcd by sufficiently long t imes that errors i n  one point ai*(* unc,orrcblatc>(l 

with e r r o r s  in the next, one may take A; to be diagonal. 

If now the assumption i s  made that data points arc' 

If, furtticr, one p1.e- 

suines that data e r r o r s  a r e  time-independent, then Ap may bt, w r i t t e n  3s 

where o2 is a constant4 and1 is the ( N  x N )  identity matrix.  Then (8)  arid ( 9 )  

combine to give immediately: 



1 
1 
I 
1 
I 
1 
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where - 1 N is the normal o r  information matrix and N E (ATA). 
0 2  

Information may be added. The matr ix  N1, obtained from one group of 

data points, may be added to the matrix N2, obtained f rom a second group of 

data points, to give N3 = N1 + N2. Then o2 N3-l will be the covariance matrix 

resulting f rom use  of both se t s  of data. 

2. Mapping of Covariance Matrices 

Often one obtains a covariance matrix on one se t  of orbital parameters  

and then wishes  to map this matrix into the covariance matrix on another set  of 

orbital  elements. Observe that 

- 
AS in obtaining Eq. (2) above, rewrite th i s  in  matrix form a s  A = AU 

where  
I *." . .,. 

Then 

and 

(12) 

(13) 

(14) 

1 

1" 
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T h u s  

C o m p a r i s o n  of (10)  3nd (15)  g i v e s  

Not ice  t h a t  Ax m a p s  l i ke  a t - o n t r a v a r i a n t  t e n s o r .  

3. C o o r d i n a t e  S y s t e m s  1Jst.d 

T h e r e  is a Moon-ct:tittrrt~cl. non - r o t a t i n g  Cartchsinii c.oorclinatt1 s ) , s f ( A n n  

s u c h  t h a t  a t  t 

tht. E a r t h - M o o n  p l a n e .  direcbted away f r o m  t h o  dirc.c.tion of' the. M o o t l ' s  o t , b i t n l  

mot ion  a t  t 0. This c o o r d i n a t e  s y s t e m  ( x ,  y .  z )  i s  referrt.ti t o  bt3low a s  thcl 

f i xed  c.oordinate s y s t e m .  

0 ,  t h e  x - a x i s  passes th rough tht. E a r t h  atid t t l c .  - n s i s  1ic.s 111 

- - -  

A s e c o n d  c o o r d i n a t e  s y s t e m  of intertast  is a Moon-c(.ntt>rtad C n r t t J s i n i i  

s y s t e m  s u c h  t h a t  thct x - a x i s  po in t s  to the  l u n a r  sa tc>l l i te  a t  e v e r y  ins ta l i t  a n d  t t i t .  

y - a x i s  l i e s  i n  thv M o o n - s a t e l l i t e  planc,, a l w a y s  direc.tccl a s  t h e  satt!llitc. movc ' s .  

T h i s  c o o r d i n a t e  s y s t e m  (x. y .  z )  i s  rcfc.rred to tx ) low a s  t h e  ro t a t i i i g  <.oordinntt .  

sy s t e m .  

T h e  t h i r d  systtam u s e d  i s  a s e t  of Kc>plc>rlnn o r b i t a l  e l t~ tn t~n t s  for tht: 

s a t e l l i t e  mot ion .  Thc. e l t l m e n t s  a r e  a - s tn i i Inas jo t .  a x i s ,  E - er.c.entric.ity, 

t o  - t i m v  of pe1-igc.t. passagci, a n d  t1irt.c. E u l e r  ntiglt1s:  a, w. i ,  6 is ntiglt. of' 

as(.t.ntIing nodr: n n ( ~ a s u r c ~ d .  i n  tht. 1, j . ,  p l a i i t . ,  f'rotn t l i t .  x - a x i s :  0 S 6b I Zn .  

T I l t > n  i .  t he  inclinatiori  a ~ ~ g ~ t a ,  1ic.s 011 ttic raiigt. o 5 i 5 T a r i c ~  is n i ~ - : i s u i - ( ~ [ ~  t ' i .o t i l  

- -  - 
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- -  
t he  x, y p lane  pos i t i ve  i n  t h e  pos i t ive  i - d i r e c t i o n .  

p e r i g e e  p a s s a g e ,  l i e s  on t h e  r a n g e  0 I u I 2 n  a n d  is nic3asured from the asc.cnd-  

ing node  pos i t i ve  in  the  pos i t i ve  ; -d i rec t ion .  

F i n a l l y ,  w ,  the a r g u m e n t  of 

To l o c a t e  the  p robe  in  the  Kep le r i an  s y s t e m  i t  i s  n e c e s s a r y  t o  know a ,  

6 ,  to ,  a, w, i. and  the  t i m e  t. T h u s ,  to r e l a t e  t he  C a r t e s i a n  c o o r d i n a t e s  t o  the 

K e p l e r  c o o r d i n a t e s ,  t i m e  m u s t  e n t t > r  t.splicitly: 

A 

Thus. t h e  dGk/dai  o c c u r r i n g  in  Eq. ( 1  1 )  3 1 x ) \ ~ t ~  must bt. tsva1unt t .d  a t  t h v  t i tnc .  7 .  

The q u a n t i t i e s  t i  a r e  v a r i o u s  rnap1)ing ti1nr.s. 
A 

T h e  r e f l e c t i o n  d e g e n e r a c y  n imt ionvd  in Sectiori V R  may tie t'spi t-ssed in 

t h e s e  c o o r d i n a t e  s y s t e m s  a s  inabili ty to d i s t ingu i sh  L for t h e  p r o b e  fi.oiii - L  or 

a s  inabi l i ty  to d i s t ingu i sh  be tween the c.oortiinntt>s ( A ,  w) aiicl ( A + r 7 ,  w t 7 ) .  

T h e  r c s u l t s  p r e s e n t e d  below w e r v  obtaincld from calc .ulat ions i n  the. K(aplc>r*ian 

system and  w e r e  then mapped  into the two C a r t e s i a n  s y s t e m s .  

covered t h a t .  for t h i s  m o d e l ,  one c-ould w r i t t b  

I t  w a s  dis- 

- 7 0  - 
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C. The Orbits Considered 

The covariance matr ices  for  several  different orbi ts  have been obtained 

under various conditions. The discussion and graphs which  follDw a r e  based on 

the following orbi ts ,  where h denotes t h e  height of probe above surface of Moon 

at  peri se lene. 

1. 

2.  

3 .  

4. 

5. 

6. 

7.  

u 
8 .  

9.  

h = 50 km, a = 1986.6666 km. i -- 45 deg. = 0, 1,  A - 0, 

w = 45". t 0  = 100 sec.  

h = 50 km, a = 1986.6666 km, i = 60 deg,  other parame- 

ters  same' a s  for orbit 1. 

h - 150 km, a = 2097. 7 7 7 7  km, 1 = 45 dthg:, other paraint.-  

t e r s  same a s  for orbit 1. 

h = 150 km, a = 2097. 7 7 7 7  km, 1 2 60 deg,  otht.1. p a r a m e -  

t e r s  same a s  for orbit 1. 

h = 250 km, a 2208.8888 k i n ,  i 4 5  d ~ g ,  other parame- 

t e r s  same a s  for orbit 1. 

h = 250 km, a 2208.8888 k m ,  1 - ti0 dcg ,  ot1it.r par*anic'- 

t e r s  same a s  for orbit 1. 

h = 1000 km, a = 3042.2222, i = 45 deg, other parameters  

same' a s  for orbit 1.  

h = 1000 k n i .  a - 3042. 2 2 2 2 ,  i - 60 dcag, 0thr.r parameters  

same' a s  for. o rb i t  1. 

h - 100 krn,  a - 1938. 0000 k m ,  i - 45 dcg,  E = 0 .  0516. 

- 7 1  - 
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L). T h e  Sampl ing  P r o c e d u r e  

I n f o r m a t i o n  abou t  e a c h  o r b i t  was c o l l e c t e d  in  s e v e r a l  w a y s ,  taking 

advantage  of t h e  p r o c e d u r e  indicatc.d above for adding i n f o r m a t i o n .  Thy m o n t h  

w a s  divided i n t o  twent:,. -one viewing p r r i o d s .  e a c h  p e r i o d  be ing  a p p r o x i m a t e l y  

two h o u r s  long. 

measui-t.d f rom the  beginning of onr, vi(sn pt,i’iod to t h c  t,t.ginning of t h e  nts\t 

view p e r i o d .  

s c p a r n t i o n  383 sec. ( 

tivc.nly s p a c e d  over’ a ptbriod of 7277 sec ( w 2 .  0 2  h r ) .  I t  is of i n t c ~ r r ~ s t  t o  c (0111- 

p a r e  the  length of a view pc’riod f i l th  tfic pcJi.iod, 7 ,  01 t t l c .  o i*h i t3  111vt 5tlgatc.d: 

Thest. p e r i o d s  wc’rt’ sfxparated by 1 l4UGO sec‘ ( 2 3 1 .  9 h r ) ,  

D u r i n g  eac.11 vit’w pc.t.iod taxat tly 2 0  d a t a  points w ( J r t ’  us;t i t l  u I t11  

6. 4 Inin). Thus t l i ( >  2 0  points 111 r.nc.11 vit’n p t - r lod  L V ~ ~ I ~ ~ ~  

Length of view p e r i o d  

7 for o r b i t s  1 a n d  2 

7 for o r b i t s  3 and 4 

7 for o r b i t s  5 and G 

7 for o r b i t s  7 and 8 

7 for o r b i t  9 

I 

2 . 0 2  

2 . 4 0  

2 . 6 0  

2 . 8 0  

4.5‘4 

2 .  1:3 

2 . 0 2  

2 . 4 0  

2 . 6 0  

2 . 8 0  

4.5‘4 

2 .  1:3 

u.  8 4  

0. ’ill 

0 ,  $ 2  

0. 44 

0 . !I :) 

u. 8 4  

0. ’ill 

0 ,  $ 2  

0. 44 

0 . !I :) 
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1 I 

C on1 men t I 1)ata combined from the 
io 1 low i ng pas s e s I Sampling 

mode 

1 

2 

3 

4 

5 

10 

11 

1 2  

13 

14 

first pass  

sixth 

e 1 e ve nt h 

sixteenth 

twenty -f i rs t  

all twenty-one passes 

f i r s t  eleven passes  in month 

last  eleven passes  in month 

the eleven passes  at the cen- 
t e r  of the month (6,  7, 8 ,  9, 
10, 11, 12 ,  13, 14 ,  15. 16) 

f i r s t  and sixth 

f i r s t  and sixteenth 

sixth and eleventh 

sixth and sixteenth 

f i r s t  and eleventh 

orbit  viewed on edge, per i -  
selene nearest  observer5 

orbit viewed broadside 

orbit  viewed on edge, apse- 
1 ene ne are s t obs e r v e 1- 

orbit viewed broadside 

orbit viewed on edge, peri-  
s e  lene nearest  observer  

These mode numbers appear a s  abscissas on severa l  of the graphs w h i c h  follow. 

Dashed lines on the graphs separate the plotted points into groups computed on 

the basis of the same  number of observations. 

5The orbit  appears  on edge in this case because 62 = 0 and the x-axis passes  
through the center  of the Earth a t  t = 0. 

- 73 - 
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E. Results 

Certain results a r e  presented in Tables V-1 through V-8, which 

accompany Fig. V-1 through V-27. 

be of value i n  estimating accuracy to be expected in  locating a lunar probe. A s  

a check on the construction of the program, one se t  of equations was pro- 

It is hoped that the resul ts  illustrated can 

grammed for the IBM 7090 at J P L ,  while another set ,  of different algebraic 

form, was programmed by another programmer for the IBM 1620 at JPL .  The 

resul ts  f rom the two programs agree, 

The resul ts  f rom this model have been compared with resul ts  for the 

same orbit ,  sampled in the same way, obtained from the J P L  Ranger Orbit 

Determination Program.  For  the check the Ranger P rogram ignored mass  of 

Moon uncertainties, station location uncertainties, etc. The resul ts  were found 

to be in good agreement, suggesting that the model assumed here is a sa t i s -  

factory f i r s t  approximation. A tracking accuracy of 0.02 m/sec  was assumed. 

The f i r s t  s e t  of figpres (Fig. V-1 through V-27) is accompanied by the 

resul ts  f rom which the graphs were drawn. 

diagonal elements of the covariance matrices depend on h, i, and samplingmode. 

The figures i l lustrate how the 

In each of these graphs the abscissa i s  h, the height above the surface of the 

Moon a t  periselene. (The radius of the Moon i s  1738 km.) The ordinate is the 

variance, o, or diagonal element in the covariance matrix, corresponding to the 

quantity indicated by the subscript. A s  indicated on the figures, the mapping 

time for the quantities ox, o This is the first 

of the month, at which time the observer s ees  the orbit on edge, since db = 0 

and the  x-axis passes  through the Earth at  time t=O. 

uz and o;, o- a; is % = O  see.  Y’ Y’ 

- 74 - 
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T h e  m o s t  s t r i k i n g  f e a t u r e  of t h e  f i r s t  t w e n t y - s e v e n  f i g u r e s  is tha t  they 

all look v e r y  m u c h  the  same.  Note that ai (mass  of Moon e s t i m a t e d )  and  oZ 

(mass of Moon e s t i m a t e d )  a r e  a l s o  plotted on  a log s c a l e .  Ind ica ted  a s  a 

p a r a m e t e r  on  t h e  g r a p h s  is the  sampl ing  m o d e  exp la ined  e a r l i e r .  It is qu i t e  

u n d c r s t a n d a b l e  t h a t  t he  c u r v e s  r e su l t i ng  f r o m  s a m p l i n g  niotles using s ~ v e r n l  

pas ses  shou ld  y i e l d  s m a l l e r  v a r i a n c e s  than  m o d e s  u t i l i z ing  fewtsr p a s s ( ~ s .  T h e  

u n c e r t a i n t i e s  m u s t  d e c r e a s e  a s  m o r e  i n f o r m a t i o n  i s  c.onsidt.recl. F l o w t ~ v r ~ ~ * .  by 

o b s e r v i n g  t h e  same pass  B d i f f e r e n t  t i m e s ,  ont' niight expecxt tht. v a r i a i i t ~ t ~  to 

d e c r e a s e  by a f a c t o r  of l / f i  N o w  one shou ld  hop(. tha t  inforinattioil g3inc.d 

from twenty d i f f e ren t  p a s s e s  shou ld  be bettc1r. t han  in fo rmnt ion  obtaiiied t u  t.1it.y 

ti1nt.s for t h e  same pass. To i l l u s t r a tv  t h i s  po in t ,  onta tnay onsirltxi* 1;ig. V - 1 .  

For m o d e  1. b a s e d  on one  p a s s ,  oa = 12. 337  m for i 4 5  c1t.g j . i t > ~ c ~ i i i g  a , / f i  

- 2 .  76 m. On the  o t h e r  hand ,  for mode. 6 ,  b a s e d  or1 tLvf2nt-j pas s t ' s ,  a a  1.456 

in for i 2 4 5  deg ,  w h i c h  is smallc~r than 2 .  76 tn by n f3c.tor 01 0 .  5 3 ,  sliowiilg 

tha t  i t  is profitable to sample  s r v e r a l  d i f f e ren t  passt ' s .  

On these sc~nic. g r a p h s ,  onti may obst.r*vc. ttiat tlits vai.i;itic,c.s c ~ l i n n ~ t .  0111) 

s l i gh t ly  l,etwet.ti i - 4 5  and 1 - 60 deg. It appt'nt-s tliat v n r . ~ a n c ~ t . s  ; I I . C  nt)oLit t h r .  
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view period for the l a rge r  orbits. 

be argued that the increase is real. 

This may explain the r i s e  in part, but it can 

For example, consider Fig. V - 1  again. 

See that, for h = 1000 km, one obtains a smal le r  variance for modc 10 ttinn 

f rom mode 1 by more  than the expected factor of 1 /A. It seems c lear ,  there-  

fore, that mode 10 gives a smal le r  ua than two se t s  of observations of the first 

pass and also,  then, smal le r  than t h e  f i rs t  pass  p lus  twtbnty additional points 

necessary to complete the f i rs t  4. 5-hour orbit of thr1 month. 

mode I O  for h = 1000 km is grr>atcr than ua for niodtb 1 for 11 = 50 k i n ,  r’v(bn 

I I o w t > v ( . r ,  uti for 

though twice a s  many data  points wert’  u s e d  for mode> I O .  ‘ l ‘ t i i s  a n d  sirnilar 

C‘onsidtAring f i r s t  tht1 resul ts  of using only  otic’ pass o f  d:it:i, i t  is o f  i n t t ~ ~ ~ t ~ ~ t  t o  

n o t e  the periodic character  of the variances i t 1  the course' o f  t he  month. 

f u r t h e r  that the variance on i i s  smallest whcn tht .  o r b i t  is vi t~wr~d tiro;idsid(l ,  

I i o t t .  
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is obtained from the orbit twice in the s a m e  aspect; i. e . ,  pass  6 and  pass 16 

a r e  both broadside passes ,  while pass 1 and pass  11 a r e  both on edge. 

determine the orientation well one needs both broadside and on-edge passes.  

Now Fig. V-29  shows the diagonal elements, p ,  of the normal 

mat r ices6  obtained for 21 separate  passes during the month. The orbit illus- 

t.IaLrd w a s  orbit 9. 

of information. 

on that quantity. 

each other but out of phase with the other quantities. 

information relative to  i and 4 is obtained when the orbit is viewed broadside, 

whereas on-edge orbits offer the most information about the other parameters .  

Then Fig. V - 3 0  shows a similar plot (on log scale) of the corresponding vari- 

ances,  cr, of the quantities. The complicated appearance of these curves,  com- 

pared t o  those in Fig. V - 2 9  is related t o  the presence of cross-correlat ion 

t e rms .  

To 

*-..+- These quantities, p ,  offer some measure  of the absorption 

A larger value of cc indicates the presence of m o r e  information 

Note that all are periodic and that pa and pi are in phase with 

It appears  that most 

Note that oa, ere, and at a re  roughly constant through the month. 
0 

- -  
Figure V-31  shows the variances on x, y, z, x, y, and 5, based on 

sampling mode 6,  mapped to  pass  11, in the center of the month. 

ances  a re  plotted VB the eccentric anomaly of the probe during pass  11. 

The var i -  

Now Fig. V-32  through V-36  show how certain of the elements of the 

correlation matrix,  P (the normalized covariance matrix). change w i t h  

6The normal  o r  information matr ix  is the inverse of the covariance matrix. 

- 77 - 
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s a m p l i n g  mode. T h e  e l e m e n t s  p l o t t e d a r e  Pat, Psi, P,i, P, i ,  and Ydsb . For each  

quant i ty  t h e  c o r r e l a t i o n s  a r e  shown when mass o f  Moon is not e s t i m a t e d  ( 6  x 6 )  

and  when inass of Moon is e s t i m a t e d  (7 x 7 ) .  Xotice that, f o r  s ing l t ,  1)asses. 

a and E are  tnos t  c o r r e l a t e d ,  whtw m a s s  of Moon is not e s t i m a t e d ,  p r e c i s e l y  

w h e r e  t h e y  a r e  l e a s t  c o r r e l a t e d  when the  m a s s  of t h e  Moon is e s t i m a t e d .  On  

t h e  o t h e r  hand,  f o r  s ing le  p a s s c s ,  thc o t h e r  c o r r e l a t i o n s  l) lottcd tend t o  b e  in  

p h a s e  for t h e  two c a s e s ,  

t h e  s e t  of 11  p a s s e s  one c o n s i d e r s .  Ont: furthc.1- intc~i .es t ing r e s u l t  o f  t h e  I’lots 

is the  t endency  t o  peak  at mode 13.  which vonibinc>s infor tna t ion  f t ’ o t n  t hc  two 

broadside ])asses. Compare Fig.  V - 3 2  and  \7-33 Lvith b-ig. V - 3 4  an(1 1’-35 in 

t h i s  regard t o  set’ a n  i m p o r t a n t  differc.nc.c btrtivc-cBii tbstitiiat ing o r  l i o t  c3st i i i i i i t  it:,:; 

GM o f  t h e  Moon. F i n a l l y .  c’ornpare modes  10, 11, and 12 i n  Fig.  1,’-36 u.ith 

 nodes 13 and  14 to  see t he  importancth of combin ing  two o r b i t s  of unlike. asl>t .~- t  

(onti b r o a d s i d e  and one  on -edge )  f o r  rcjtnoving tht .  cor r ta la t ions  t ) t ! t w r . r , i i  bb atid I‘. 

T h e  same is t r u e  for  ti: atid i as Fig.  V-35 ind ica t e s .  O n  the o t h c r  hand, Il’ig. 

V - 3 4  suggests tha t  high co r r t . l a t i on  betwc.c:n a aiid i is n o t  pr(>scbtit unl t tss  t i c ‘ o  

broad s i d e  p a s  st’s wc re CJ onib i neti, 

Note tha t  c o r r e l a t i o n s  appeat. tlo b e  indt-pt.ndtrnt o f  

I n  pass ing .  one migh t  observt t  f r o m  k’ig. V -  1 througl i  V - 2 7  that ax % oLi 

and az = aoi, as ont. might  t-.xI)c:rt. 

rcLmarketi conc.crning t h e  niagni tut ies  of tht ,  L.arianc.es. 

c,ontaiiicJd in  clc.tai1 in  tiit. da t a  shecots (T;ibl(.s V -  1 t h r o ~ i g h  V - 8 )  

b’ig. V -  1 th rough  V - 2 7  atid ne tds  littlt> c>xl)lanation. I n  a f t b w  L V O I Y ~ S ,  t l l c .  i - (~*s i i l t s  

of‘ t h i s  s t u d y  sctcim t o  iiidi(,att,  that  t h c s  i )rcol)t .s  sti1dit.d L ;111 b c x  l o c , a t t , t i  t i )  i v i t l i i i )  

1.p t u  t h i s  I)oitit, \;tar*y little. has bcicti 

T h i s  i1ilortllation is 

~)~iipati>.itiy, 

- 7 8  - 
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several  kilometers with two hours worth of data and to within a few meters  

with 10 t imes that much data. 
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Table V-1. Variances of Kcplerian elements ( i  = 15")a 
(mass  of the hloon not estimated) 

A =  0 ,  to = 100 sec. ,  w = 45" 

h = 5 0 k m  150 km 250 km 1000 km 

Information f rom 20 points (-1 orbit) ,  sampling mocfti 1 

ua 3.8810 x km 4. 1088 x 4 .449  x 
O€ 6. 177 x 7 . 2 5 5  x 8 . 0 4 1  x 10-6 

6.580 x sec 9. 581 x 1.5832 x I O - 1  
ua 9.632 x rad 9 , 8 1 7  x 1.4788 x 
OW 6 .  568 x t x d  6 .475  x 8. 981; x 

1.6901 x r ad  2. 390 x :J. G9.l x lo- ;< 

Information f rom 40 points (-2 orbits), s : ~ n i p I i n g  r i iod~ 10 

oa 2.726 x 3 .  135 x 10-:3 :$.:3(,:{ s 10-:3 
oc 3.873 x 4 .021  x 10-6 4. '-18 E 10-G 

4.302 x 4.935 x 10-2 5.450 x 19-2 OtO 
O6a 
OW 3.431 x 10-5 3.510 x 10 -5  :3.511 x 10-5 
O i  5 .758 x lo-' 5.944 x 10-6 6.07!) x lo-(; 

1.0464 10-5 1.0929 x l o - "  1. 1729 s 10-*' 

Information from 220 points (- 11 oI.bits) ,  sa r n p l i n g  motit. 7 

Oa 1. 1136 10-3 1.2112 x I. : ~ I G  1 x lil-'' 
O€ 1.6472 x 1.6981 x 1.7G95 x 

1.8083 x l o e 2  2.03'3 x 10-2 2.27t; x 10-2 
4. 501  x 4.611 x 4 .718 x l o - "  

Ot0 
aa 
OW 1.4555 10-5 1. 484.2 x 10-5 1.51fj5 x 10-5  
Oi 2 .535  x 10-6 2.622 x 10-6 2 . 6 9 3  x 10-(; 

Information from 420 points (-2 1 orbits) ,  sampling tnodc~ G 

8. 178 x 8.764 x 9.355 x 
uc 1.2142 x 1.2260 x 1 .2728 x 
OEi 

at0 1. 3143 x 1.4860 x 10-2 1.G536 x 10-2 
3 . 2 4 4  x 3.310 x 10-6 3 .403  x 10-6 

1.7937 x 10-6  1.8408 x 10-6 1.8'315 x 10-6 
Ow 1.0822 x 10-5  1.0940 x 1. 1266 x 
Oi 

~~ 

a Data plotted i n  Fig. V-1  through V-6. 

- a i  - 

1.45fi:i x 10-:3 
1.479:3 s 10-6 
: J .oH f ;  x 10-2 

1.29238 x 10 -5  
2.223 x 10-6 

- 
1.2174 x l o - "  
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Table V-3. V a r i a n c e s  of Keplerian elements ( i  = 45' )a 
(mass  of the AIoon estimated) 

6b = 0,  t o  = 100 S C ' C , W  = 45" 

h = 5 0 k m  150 km 250 k m  1000 k m  

I n f n r n > ; i t i o n  f r m m  2 0  points ( -  1 orbit), sampling modc  1 

1.9653 x km 2.444 x 2 .973  x 1.38'38 x 10-1 Oa 
ut- 7.129 x 10-6 9 ,970  x 1.2934 x 2.393 x 10-5 

9.804 x sec 1.0745 x 10-1 1.5878 x lo - '  1 .8061 
(-0 cr6 1 .2241  x r a d  1. 1193 x 1 .4851 x 2 .640  x 

8. 166 x r a d  7.427 x 9.370 x 1.7700 x 
1.7288 x rad  2.880 x lo-:{ 5. 11: x 2. 107 x ai 

(3 1. 1983 x 10-1 km3/ 1.4056 x 10-1 1.6108 s 10-1 6.945 x 10-1 
sec2 G M 
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Table V-4.  Variances of Kcplerian elements ( i  = 60")' 
( m a s s  of the Moon estimated) 

6 = 0, to = 100 sec,  w = 45" 

h = 5 O k m  150 k m  250 km 1000 k m  
Information f rom 20 points ( -  1 orbit) sampling mode 1 

1.9648 x 2.441 x 2 .969  x 1.9348 x 10-1 =a 
Or 7.120 x 9. 954 x 1.2917 x 2 .891  x l o e 5  

8. 199 x 7.499 x 9.972 x 10" 2.588 x l o e 2  OtO 

O6b 
O W  3 . 6 3 0  x 3.296 x 3 .900 x . 1. 1519 x 

1 .4101 x 2.347 x 4. 167 x 2. 537 x Oi 
1. 1978 x 10-1 1.4043 x 10-1 1. GO89 x 10-1 9.81fi x 10-1 OG M 

9.805 x 10'2 i. 0 7 3 3  x 10- 1 i .5861 x 10-1 2.544 

Information from 40 points (- 2 oi*bits), snrnpl ing mode. 10 

1. 1145 x 1.2010 x 1.2723 x 2.511 x 
4.253 x lo-( ;  3. 381 s 4. t i28  x :1. 036 N 

6.289 x 6.532 x 10"; ( j .  0.54 s 10-G 7 . < t l - I  >: 10-Ci 

Oa 
O€ 

5.859 x 10-2 6.735 x 10-2 7 .452  s 10-2 1. (i8:i-l s 10- " '0  
"6 I 

OW 4.383 x 10-5 4.609 x 10-5 4. ( i82 x 10- J  6.  374 s 10-3  
4.844 x 10-6 4.914 x 1o-(j 4 .974 s lo-(;  8.  110 s lo - ( ;  ai 

(TGA,~ 7.078 x 7. 118 x 7. 125 x 9. 660 s lO-' 

Information from 220 points ( -  11 o r b i t s ) ,  scinipling rllocle 7 

*a 4.616 x 10-:3 4.842 x lo-:$ 5 .095  s lo - :<  t 3 .  115 s 10-- '  
O4? 1.7960 x 1.8353 x 1. 9:320 x l o +  2 . 2 7 2  x 1o-(i 

2 .729  x 2.7!)3 x lo-' 2 .859  s lo-(; 3 .350  x lo-! 
Ot0 
"6b 
*W 1.8 139 x 10-5  1.8134 s 10-c5 1.8030 x 10-3 2 . 1 2 4  x 10-3  

G ni 2.956 x 2.982 x 3.015 x 3.45!1 x 10-2 

3.328 x 3 . ~ 6 ~  x io-:$ 3.822 io-:$ G.ONI io - : j  

G€ 
1.7495 x 1. 9872 x 2. 111 x l o m 2  3.  9GO x 10-2 a t O  

O6-a 

O i  i. 5130 x 10-6 1. 5531 x 10-6 1.600t) x IO-(; 1.8674 x 10-6 
O G  >I 2. 148 x 2.230 x 2 . 2 3 6  x 10-2 2.580 x 10-2 

2.413 x 2.609 s 2.811 x 5.:3O(i s lo- '  

ai 2. 137 x lo-' 2 .201  x lo-' 2.277 x lo-" 2 .  (i1.1 s l o - "  
(T 

Infor-mation from 420 points (- 2 1 orbits), san ip l ing  rtlocle (i 

1.3324 x 1.3361 x 1.3957 x 1.6411 y 

1.9020 x 1 .9915 x lo-" 2 .045  x 2 .373 x 
1.3582 'i 10-5 1.1,867 x IO-" cTW 1.3218 x 1. 377 x lo- '  

n 
I);lta plottc.d 111 1*'1g. V-7 t h r o ~ g h  V-14. 
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Table V-5. Variances of Cartesian Coordinates ( i  - 45-)a 
( m a s s  of the Moon not estimated) 

A = 0, to - 100 sec,  w = 45", t - 0 
x,  y, z a r e  coordinates in  rotating Cartesian system 
2, 9 ,  Z a r e  coordinates i n  fixed Cartesian system 

h = 50 km 150 km 250 km 

Information f rom 20 points (- 1 orbit), sampling mode 1 

3. 429 x 3. 698 x 4.  004 x 
3 .053  x 10-2 3 .214  x 3.437 x 
2 .618  3 .805  G .  386 

OX 

=Y 
O Z  
0.u 1.7749 x 10-2 1. 8556 x 1 .9255 x 10-2 
UT 1 .8573  2.699 3 .  599 
(3 2 1.8459 2. 681 3 .574  

Information f rom 40 points (- 2 orbits) ,  sampling mode 10 

OX 2.453 x 2. 821 x 3 .031  s 10-:3 

a, 1.3593 x 10-2 1 .4763 x 1.5772 x 10-2 

2 .244  x 2.480 x 2.6!)2 s 
- 7 (3, 

( 3 Z  1. 1557 x 1. 1947 x 1. 2 u 9 u  s 10 - 
(3 i. 1.4524 x 1. 5979 x 1. 7173 2; 

a, 1.8093 x 1 , 9 7 3 3  x 2.  176 x lo-' 

Information f rom 220 points (e- 11 orbits) ,  sampling motit. 7 

Ox 1.0022 x 10-:3 1 .0901 x 10-3 1. 1846  s lo-:{ 
(3 9.462 x 10 -3  1 .0433  x 10-2 1. 1407 s 10-2  

5 . 0 8 5  x 10-:' 5 .  518 x 5. 9C)O s 10-:3 Y 
O Z  

Y 
5 .  702 x lCr3 6. 222 x (i. 7 5 2  x 

0 -  6 .314  x 1 0 - 3  6 .915  x 7 ,  5 3 1  s 
7.  637 x 10-" 8. 423 x 9 ,  252  x 
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T a b l e  V-6. V a r i a n c e s  of C a r t e s i a n  C o o r d i n a t e s  ( i  - 

( m a s s  of the  Moon not e s t i m a t e d )  

A a = 0, to = 100 sec, R - 45". t = 0 
x, y, z are  c o o r d i n a t e s  in  r o t a t i n g  C a r t e s i a n  s y s t e m  
x, y, 2 a re  c o o r d i n a t e s  i n  f ixed  C a r t e s i a n  s y s t e m  
- -  

ti = 50 km 150 kin 250 k m  
I n f o r m a t i o n  from 20 no in t s  t- 1 o r b i t ) ,  s a m p l i n g  mode  1 

ox 3 .427  x 10-3  3 .696  x 10-3 4 .001  x 10-8  
0). 3.054 x 10-2 3 .  216 x 3.440 x 1u-2  
O z  2. 142 3 .111  5 . 3 0 0 
0% 1.7747 x 10-2 1. 8S52 x 1.9248 x 
";Y 1.8594 2.  700 4 .599  
0 2  1.0643 1.5444 2. 635 

I n f o r m a t i o n  f r o m  40 po in t s  ( -  2 o r b i t s ) ,  s a m p l i n g  mode 10 
OX 2 .708  x :3. 131; 10-:3 3 .  388 10-3 

?Y 

(T- 1.2427 x 1 .3291  x 10-2 1 .4073 x 1 0 - 2  

2. 526 x 2.731 x 2.911 x lo-' 
(Tz 8.951 x 9. 135 x 9.  751 x 
0;; 1. 5179 x 1. 6253 x 1. 7156 x 

0 2  2 .089  x 2.259 x 2.437 x 
Y 

I n f o r m a t i o n  from 220 po in t s  ( -  11 o r b i t s ) ,  s a m p l i n g  mode 7 
OX 1.0905 x 10 -3  1. 1857 x 1 .3018 x 10-3  

1 .0526 x 1. 1576 x 1.2723 x 10-2 Y (5 

0.L 3 .  950 x 4. 273 x l U - : 3  4. 644  x 
0; 6. 295 x 10-" 6. 882 x IO-'' 7. 464 x 
0- 5. 376 10-3 5. 836 x 1 0 - 3  G .  402  x lo-" 
0% 4. 357 x 9. 592 x 1 . 0 6 2 3  x 10-2 

I n f o r m a t i o n  f rom 420 p o i n t s  (- 2 1  o r b i t s ) ,  s a m p l i n g  mode 6 
ox 8. 067 x 8 .615  x 9. 254 x 
a?, 7. 688 x 8. 463 x 9.  183 x 
0 2  2.799 10-3 3.011 x 10-3 3 . 2 8 7  s 1u-:3 
0% 4. 576 x 5.079 x lO-" ,5.418 s 10-3  
(T- 3.892 x 4. 197 x lO-'j 4 .617  x 
a, 6. 392 x 6. 957 s 10-:3 7.  612 x 
Y 

a Data p lo t t ed  in  Fig. V-1-5 through V - 2 0 .  

- 100 - 

1. 1 3 3 3  -i 10-2 

1 .0914 x 1 0 - l  

1. 960:3 x 1 0 -  
3 .  196 Y I O  

2.775 x 10 
1.58:39 x 10 

6. 093 x 10-:3 
4 .395  x 10 -2  
1 .7725  x 10-2  
2 . 4 7 8  x l o - ?  
2. 550 x 11)-2 
3 . 8 3 2  x 10-2 

2 . 0 2 1  Y l o - -{  
1 .9808 \ 1 0 - 2  
7.  32:3 Y 10-+'3 

!$ .H43 Y 10-13 
1 .6624 x 10-2 

1. 1776 s 1 0 - 2  
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Table V-7. Variances of Cartesian Coordinates (i = 45°)a 
(mass  of the Moon estimated) 

x, ?!B z &e coordinates in rotating Cartesian system 
G, y ,  a r e  coordinates in - fixed Cartesian system 

h = 50 km 150 km 250 km 

Information from 20 points (- 1 orbit), sampling mode 1 

1.7688 x 2.199 x 2.676 x uX 
4.922 x 6.026 x 7.452 x 
2.627 4: 142 8.256 

OY 
Q Z  
=ii 2.039 x 2.135 x 2.281 x 

1.8613 2.955 5.883 
aZ 1.8550 2.904 5.793 

Information from 40 points (- 2 orbits), sampling mode 10 

QX 

OY 
QZ 

QZ 

aZ 
Infor ma 

OX 
=Y 
0 2  

OX 

OZ 

8.698 x 
2.518 x 
1.1846 x 
1. 3738 x 
1.6587 x 
2.154 x l o m 2  

9.438 x 1.0115 x 
2.850 x 3. 155 x l o e 2  
1.2395 x 1.3464 x 
1.5073 x 1.6259 x 
1.8619 x 2.036 x 
2.433 x 2.725 x 

ion f rom 220 po-ats ( -  11 orbits), sampling mode '7 

3.667 x 3.906 x loe3  4. 162 x 
1.0492 x 1.1221 x 10-2 1.2Ob7 x 
5.187 10-3 5.605 10-3 6.061 10-3 
5.739 x 10-3 6.227 10-3 6.755 10-3 

9.020 x 9.617 x 1.0344 x 10-2 
7. 149 x l o e 3  7.640 x 8 .  157 x 

Information f rom 420 points (-, 2 1  orbits), sampling mode 6 

2.642 x 2.911 x 3.080 x OX 
Q 7.557 10-3 8.413 10-3 8.839 10-3 Qz 3.695 10-3 3.979 10-3 4.345 10-3 
Ug 4. 152 10-3 4,613 10-3 4.883 10-3 

9 5. 127 x 10'3 5.476 x 5.987 x 
6.496 x 7. 144 x 7.578 x 0% 

a Data plotted i n  Fig. V-1 through V-27. 

- 107 - 

1000 km 

1,2508 x 10-1 
3.283 x 10-1 
7,752 x 10 
3.378 x 10-1 
5.491 x 10 
5.473 x 10 

2.168 x 
6.352 x 
2.866 x 
2.619 x 

6.427 x 
4.453 x 10-2 

6.614 x lo - '  
1.8806 x 
9.462 x 
1.0737 x 
1.3078 x 
1.6181 x 

4.910 x 
1. 3983 x 
6.792 x 
7.800 x 
9.577 x 
1. 1973 x 
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Table V-8. Variances of Cartesian Coordinates (i = 60°)a 
(mass of the Moon estimated) 

0 = 0, to = 100 sec,  w = 45", t = 0 
x, y, z are coordinates in rotat ingcartesian system 

Z are coordinates in fixed Cartesian system - 2, ?* 

h = 50 krn 150 km 250 krn lQO0 km- 

Information f rom 20 points (- 1 orbit), sampling mode 1 

1.7683 x 2. 197 x 2.672 x 1.7414 x 10-1 
4.919 x 6.021 x l o q 2  7.445 x 4.704 x 10-1 
2. 150 3 .  382 6.740 9.204 x 10 

OY 
OZ 
02 2.038 x 2. 135 x 2.223 x 4.929 x 10-1 

1.8643 2.948 5.869 7.980 x 10 
1.0722 1.6610 3.315 4. 588 x 10 

"Y 
OZ 

i 

Information from 40 points (- 2 orbits), sampling mode 10 

ox 1.0030 x 1.0809 x 1. 1451 x 10" 2.260 x l o e 2  
a 2.931 x l oe2  3.266 x lo-' 3.517 x 7.051 x 

9.145 x 9.396 x 1.0046 x 2.024 x 
1.5594 x 1.6823 x 1.7871 x 2.813 x 
1.4586 x 1.5827 x 1.6904 x 3. 492 x 

Y 

=Y 
0 5  2.691 x l o e 2  2.970 x 3.220 x 7. 193 x lo- '  

Information from 220 points ( -  11 orbits), sampling mode 7 

Ox 4. 155 x 4.358 x 4.585 x 10-3  7.303 x 
1.2203 x 1.2828 x 1.3634 x 2. 139 x 

ffz 4.012 x 4.326 x 4.697 x 7.351 x 
U? 6.419 x 6.924 x 7.465 x 1. 1778 x 

6.218 x 6.538 x 6.982 x lo-'' 1. 115.3 x 
1. 1069 x 10-2 1. 1560 x 1.2316 x 1.9599 x 

Y (J 

*z 
Information from 420 points (- 2 1  orbits), sampling mode 6 

2.995 x 3.297 x 3.440 x 5.290 x 
8.791 x 9.739 x 1,0151 x 1.6000 x 
2,845 x 3.058 x 3.339 x 5.244 x 

n - 3  aji 4.645 x 5. 172 x 5.447 x 8.639 x L U  

4.457 x 4.861 x 5. 147 x S.232 x 
Dz 7.935 10-3 8.763 x 1 ~ - 3  9. 170 x 1. 4573 x 

OY 
=z 

Data plotted i n  Fig. V-21 through V-27. a 
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